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^^ Abstract. We study the solutions of irregular A-hypergeometric systems 

T^ that are constructed from Grobner degenerations with respect to generic pos- 

r^ itive weight vectors. These are formal logarithmic Puiseux series that belong 

^"^ to explicitly described Nilsson rings, and are therefore called (formal) Nilsson 

'^ series. When the weight vector is a perturbation of (1, ... , 1), these series con- 

^~~^ verge and provide a basis for the (multivalued) holomorphic hypergeometric 

f— I functions in a specific open subset of C". Our results are more explicit when 

rn the parameters are generic or when the solutions studied are logarithm-free. We 

.^ also give an alternative proof of a result of Schulze and Walther that inhomo- 

geneous yl-hypergeometric systems have irregular singularities. 

-(— > 

s 

' — ' 1. Introduction 

(N 

j> The Frobenius method is a symbohc procedure for solving a hnear ordinary 

•^ differential equation in a neighborhood of a regular singular point. The solu- 

ivl tions are represented as convergent logarithmic Puiseux series that belong to the 

"Tj- Nilsson class. In the multivariate case, a direct generalization of the Frobenius 

t^^ method, called the canonical series algorithm, was introduced by Saito, Sturm- 

O fels and Takayama in Chapter 2.5 of II24II . based on Grobner degenerations in the 

,__! Weyl algebra D. When applied to a regular holonomic left D-ideal, this proce- 

IJ dure yields a basis of the solution space. The basis elements belong to an ex- 

plicitly described Nilsson ring, and are therefore called Nilsson series, or Nilsson 
solutions. Each Nilsson ring is constructed using a weight vector; the choice of 
C^ weight vector is a way of determining the common domain of convergence of the 

corresponding solutions. The canonical series procedure requires a regular holo- 
nomic input; although one can run this algorithm on holonomic left D-ideals that 
have irregular singularities, there is no guarantee that the output series converge, 
or even that the correct number of basis elements will be produced. 
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In this article, we study the solutions of the A-hypergeometric systems intro- 
duced by Gelfand, Graev, Kapranov and Zelevinsky [[TTlfTBl . 

Definition 1.1. Denote by D the Weyl algebra on Xi, . . . ,Xn and di, . . . ,dn, 
where di stands for the partial derivative with respect to Xi. Let A = [ojj] G Z*^^" 
whose rows Z-span Z^, and let j3 G C^. The A-hypergeometric system with pa- 
rameter (3 is the left D -ideal 

HaW) = Ia + {Ei-Pu...,E,- (3,) C D, 

where Ei = X]?=i ^ij^j'^j' ^ "^ i ^ d, and I a denotes the toric ideal 

lA = {d''-d''\A-u = A-v)(Z £[8]. 

These left /^-ideals are always holonomic [[Tl [T3]|. It is known that Ha{(3) 
is regular holonomic if and only if the Q-rowspan of the matrix A contains the 
vector (1, . . . , 1). The if direction was proved by Hotta in his work on equivariant 
D-modules [T6l; Saito, Sturmfels and Takayama gave a partial converse, see 
Theorem 2.4.11 in [12411, where it is assumed that the parameter (3 is generic. 
Their proof uses Grobner methods in D. 

A different strategy to show that a Z^-ideal is not regular holonomic is to 
prove that it has slopes. The analytic slopes of a /^-module were introduced 
by Mebkhout in [20], while an algebraic version was given by Laurent [il7il . 
These authors have shown that the analytic and algebraic slopes of a /^-module 
along a smooth hypersurface agree [[T8l . From a computational perspective, Assi, 
Castro-Jimenez and Granger gave a Grobner basis algorithm to find algebraic 
slopes [|2|. There has been an effort to compute the (algebraic) slopes of Ha{(3) 
along a coordinate hypersurface. In the cases d = 1 and n — d = 1, these 
slopes were determined by Castro- Jimenez and Takayama [jTJI, and Hartillo- 
Hermoso [[T4l [TSl . More generally, Schulze and Walther ll25ll have calculated 
the slopes of Ha{(3) under the assumption that the cone over the columns of A 
contains no lines. Such a cone is called strongly convex. The fact that slopes 
of Ha{I3) always exist when the vector (1, . . . , 1) does not belong to the rows- 
pan of A, implies that Ha{(3) has irregular singularities. Thus, Corollary 3.16 
in ll25l gives a converse for Hotta's regularity theorem in the strongly convex 
case. We give an alternative proof of this converse here, by extending ideas of 
Saito, Sturmfels and Takayama. The main technical obstacle to overcome is the 
potential existence of logarithmic hypergeometric series. 

Further insight into the solutions of hypergeometric system comes from the an- 
alytic approach taken up by Castro-Jimenez and Fernandez-Fernandez [|6l[T0l. 
who studied the Gevrey filtration on the irregularity complex of an A-hypergeo- 
metric system. Since formal series solutions of irregular systems need not con- 
verge, a study of the Gevrey filtration provides information on how far such series 
are from convergence. 
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Even though the regularity of Ha{P) is independent of /3, in practice, assum- 
ing that the parameters are generic makes a difference. In this case, Ohara and 
Takayama [l22ll show that the method of canonical series for a weight vector 
which is a perturbation of (1, . . . , 1) produces a basis for the solution space of 
Ha{(^) consisting of (convergent) Nilsson series that contain no logarithms. In 
that work (and many others, such as [|Il[l9ll2ll) an important role is played by a 
related hypergeometric system that does have regular singularities, called the ho- 
mogenized system. One of our main goals is to precisely explain the relationship 
between the solutions of Ha{(3) and those of its homogenization. 

In order to produce a basis of solutions of Ha{(3) when (3 is not generic, loga- 
rithmic series cannot be avoided, even in the regular case. Dealing with logarith- 
mic solutions of Ha{P) poses technical challenges that we resolve here, allow- 
ing us to lift the genericity hypotheses from the results of Ohara and Takayama: 
running the canonical series algorithm on Ha{I3) with weight vector (a perturba- 
tion of) (1, . . . , 1) always produces a basis of (convergent) Nilsson solutions of 
Ha{(3), if the cone spanned by the columns of A is strongly convex. On the other 
hand, formal solutions of irregular hypergeometric systems that are not Nilsson 
series need to be considered, even in one variable (see, for instance, [9|). 

This article is organized as follows. In Section |2] we introduce the formal 
basic Nilsson solutions of Ha{/3) in the direction of a weight vector w (Defini- 
tion 



Z6| ), whose linear span is denoted by ./fCi(-f^A(/3))- Section |3] explains the 
relationship between ^w{Ha{(3)) and the solution space of an associated regular 
holonomic hypergeometric system. A linear map p between these spaces is con- 



structed in Definition 3.16 and Proposition 3.17 The main result in Section |3] is 



Theorem 3.18, which states that p is injective, and describes its image. 



In Section]?] we restrict our attention to generic parameter vectors (5, and give 



a combinatorial formula for the dimension of y^{HA{P)) (Theorem 4.9). This 
formula is reminiscent of the multiplicities of the L-characteristic cycles of the 
A-hypergeometric D-module D/ Ha{(^) computed in [|25l . but note that these 
authors use different weights in the Weyl algebra than we do: while we focus on 
weight vectors of the form (— w, w), Schulze and Walther work with (m, v) such 
that M + t; is a positive multiple of (1, . . . , 1). 

In Section]5]we lift the genericity assumption from /3, but study only A-hyper- 
geometric Nilsson series that contain no logarithms, and show that they arise from 
logarithm-free solutions of the associated regular holonomic hypergeometric sys- 



tem (Theorem 5.5 1. We show in Theorem 5.4 that the logarithm-free basic Nils- 
son solutions of Ha{I^) in the direction of a weight vector w span the vector space 
of formal logarithm-free A-hypergeometric series in the direction of w, proving 
the formula in Display (7) in [|23l . 

In Section ]6] we analyze the convergence of formal Nilsson solutions of A- 



hypergeometric systems. The main result of that section is Theorem 6.4 which 
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provides an explicit construction for a basis of the space of (multivalued) holo- 
morphic solutions of Ha{(3) that converge in a specific fixed open set, assuming 
that the cone spanned by the columns of A is strongly convex. While this was 
well known in the regular case, it is a new result in general. Finally, under the 
same strong convexity assumption for A, we use our study of formal A-hyper- 
geometric Nilsson series in Section |7] to (re)prove that A-hypergeometric sys- 
tems arising from inhomogeneous toric ideals have irregular singularities for all 
parameters (Theorem|7.6). 



Acknowledgements. We are very grateful to Christine Berkesch, who proved 



Theorem 7.5 at our request. Part of this work was performed while the third 
author was visiting MSRI in the Fall 2009, and while the three authors met at the 
National Algebra Meeting in La Falda, Argentina, in August 2008. We thank the 
organizers of these events for the wonderful research atmosphere and hospitality. 
We are very grateful to the anonymous referee, whose thoughtful suggestions 
have improved this article. 

2. Initial ideals and formal Nilsson series 

Throughout this article, A is a fixed d x n integer matrix whose columns Z- 
span the lattice Z'^. Given (3 E C^, we consider the A-hypergeometric system 
Ha{(3) introduced in Definition |1.1[ and we define and study its Nilsson series 
solutions associated to a weight vector w E K>o- We use the convention that 
N = {0,1,2,...}. 

We work in the Weyl algebra D in xi, . . . , Xn, di, . . . ,dn- A left Z^-ideal / 
is said to be holonomic if Ext^ (Z^/J, D) = for all z 7^ n. In this case, the 
holonomic rank of /, denoted by rank(/), which is by definition the dimension 
of the space of germs of holomorphic solutions of / near a generic nonsingular 
point, is finite, by a result of Kashiwara (see Theorem 1.4.19 in [|24j|). 

Definition 2.1. Let w E M". The {—w, w)-weight ofx'^d^ E D is —w ■ u + w -v. 

This weight induces a partial order on the monomials in the Weyl algebra. 

Definition 2.2. Let w E W^ and f = ^^ ^ CuvX'^d^ E D. The initial form 

in(_u;u,)(/) of f j^ with respect to {—w,w) is the subsum of f consisting of 
its (nonzero) terms of maximal {—w, w)-weight. If I is a left D-ideal, its initial 
ideal with respect to {—w, w) is 

in(_^,^)(/) = (in(_^„,^)(/) \ f E I,f ^0) C D. 

Remark 2.3. We can restrict the {—w, w)-weight to the monomials in C[d] C D; 
the weight of d"" reduces to w ■ v. When w E M>0' '^he induced partial order on 
the monomials in C[d] has 1 as the unique smallest monomial. If J C C[d] is an 
ideal, we define the initial ideal mw{J) as the ideal generated by the initial terms 
of all non zero polynomials in J. 
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The following definition characterizes the weight vectors we consider in this 
article. 

Definition 2.4. A vector w G ]R>o '■^ ^ weight vector for Ha{I3) if there exists a 
strongly convex open rational polyhedral cone ^ C ]R"o' ^'^^ w G ^, such that, 
for all w' G ^, we have 

in^(/A) = 'm.yj,{lA) and in(_^,^)(iJA(/3)) = ui(^-w',w'){Ha{I^))- 

Note that the cone ^ is not unique and that the assumptions on w in Defini- 
tion 2.4 imply that in^(/^) is a monomial ideal. It follows from the existence 
of the Grobner fan (see [|2T| for the commutative version, and f3J for the situa- 
tion in the Weyl algebra) that weight vectors form an open dense subset of M^q- 
For an introduction to the theory of Grobner bases in the Weyl algebra, we refer 
to (241; this text is also our main reference for background on D-modules and 
hypergeometric differential equations. 

Remark 2.5. Define the A-grading on D via degjs^^x'^d'") = A- [v — u). A left 
D-ideal is A-homogeneous if it is generated by A-homogeneous elements of D. 
Note that Ha{/3) is A-homogeneous. 

Suppose that the cone spanned by the columns of A is strongly convex, that is, 
there exists h E M.'^ such that the vector h ■ Ais coordinatewise positive. Let J 
be an A-homogeneous left Z^-ideal. Then for any w G M" there exists w' G ]R"q 
such that in(_u,^u,)(J) = in(_^/_^/)(J). In fact, given w G M", it is enough to 
choose a positive number A such that w' = w+ Xh- Ais coordinatewise positive. 
To see this, note that if f = Yl CuvX'^d'" E D is A-homogeneous, the vector 
A ■ (v — u) is independent of {u, v) for all Cuv 7^ 0. As 

—w' ■ u + w' ■ V = —w ■ u + w ■ V + X[h ■ A ■ {v — u)], 

using w' instead of w simply adds a constant to the weights of the terms in /, and 
then in(_u, u,)(/) = in(_,„/^/)(/). Thus, when A is strongly convex, we can drop 



the positivity assumption in Definition 2.4 



An important special case in which the cone spanned by the columns of A is 
strongly convex is when (1, . . . , 1) belongs to the Q-rowspan of A. This happens 
if and only if the toric ideal Ia is homogeneous with respect to the usual Z- 
grading of the polynomial ring C[d] given by deg(9i) = ■ ■ ■ = deg(9„) = 1. 
We use the convention that the word homogeneous without qualifications refers 
to the usual Z-grading of C[9]. 



If w is a weight vector for Ha{I3), and ^ is an open cone as in Definition 2.4 
the dual cone ^* consisting of elements u E M" such that u ■ w' > for all 
w' E ^ is strongly convex. Moreover, for any nonzero u E^* and any w' E ^, 
we have m • w' > 0. 

We are now ready to define the space of formal Nils son series solutions of 
Ha{I3) associated to a weight vector w. Note that the name Nilsson class is usu- 
ally reserved for multivalued functions that satisfy tempered growth conditions 
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(see Chapter 6.4 in [[51). In this article, we work with formal Nilsson series, 
except when otherwise noted. 

Definition 2.6. Let w be a weight vector for the hypergeometric system Ha{P)- 
Denote log(x) = (log(a;i), . . . , log(a;„)). A formal solution (p of Ha{P) is called 
a basic Nilsson solution of Ha{(3) in the direction ofw if it has the form 

=5^x^+V(log(x)), (2.1) 

uGC 

for some vector v G C", and it satisfies 

1. C is contained in ^* fl keiii^A), where ^ is an open cone containing w 



as in Definition 2.4, 



2. The Pu are polynomials, and there exists K E Z such that deg(p„) < K 
for all u E C, 

3. po ^ 0. 

The set supp(0) = {u E C \ pu j^ 0} C keTi{A) is called the support of (p. 

The C-span of the basic Nilsson solutions of Ha{(3) in the direction ofw is 
called the space of formal Nilsson series solutions of Ha{(^) in the direction of 

w and is denoted by ,y9w{HA{(3)). 

In what follows, we make a detailed study of o/Ko(ifA(/3))- One of our main 



results. Theorem 6.4, states that, for fixed A and /3 there exists a weight vector w 
such that dim(^(ifA(/3))) = rank(i^A(/3))- 

Let w he a weight vector for Ha{(^)- If = ^^ ^ Cahx"" log(x)^ is a non zero 
element of ,yf^{HA{/3)) then, by Proposition 2.5.2 in fM], the set of real parts 
{Re(a ■ w) \ Cab 7^ for some b} achieves a (finite) minimum, denoted by /i(0), 
and the subseries of whose terms are Cafex" log(x)^ such that Cab 7^ and Re(a ■ 
w) = fi{(l)) is finite. We call this finite sum the initial series of (p with respect 
to w and we denote it by in^(0). The reason for including the third condition 



in Definition 2.6 is to ensure that muj{(f)) = x'"pQ{\og{x)). Non-basic Nilsson 
solutions of Ha{/3) will play a role in Section [5} 

Remark 2.7. Given a weight vector w, we may replace the first requirement in 



Definition 2.6 by either of the following equivalent conditions: 

i) C C keiz{A) and there exists an open neighborhood U of w such that, for 

all w' eU and all m G C \ {0}, we have w' ■ u> Q. 
ii) There exist M-linearly independent 71, . . . , 7„ G Q" with w ■ 7j > for all 

2 = 1, . . . , n, such that C C (M>o7i H h M>o7n) n keii{A). 

To see that ^ is equivalent to the first condition in Definition [2.6[ note first 
that, if the latter is true, we may use U = ^. The proof that ^ and ^ are 
equivalent is straightforward. If ^ holds, we may take ^ equal to the interior of 
the cone M>o7i + ■ ■ ■ + M>o7n- 
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The following lemma allows us to manipulate formal Nilsson solutions of 
Ha{(^) in the direction of a weight vector. 

Lemma 2.8. Let 0i, . . . , 0^ G o44(i^A(/3))- 

1. If the initial series in^„(0i), . . . , in^(0fc) are C-linearly independent, then so 
are the series 0i, . . . , 0^- 

2. If(j)i,...,(j)k are C-linearly independent, there exists a k x k complex matrix 
(Ajj) such that the initial series of ipi = X]i=i •^«j'/'i fa^ ^ — 1, • • • , ^ are 



C-linearly independent. 



Proof. Combine Theorem 2.5.5, Lemma 2.5.6(2) and Proposition 2.5.7 from [|24ll . 
which hold for formal Nilsson series. D 

Definition 2.9. A vector v E C is an exponent ofHA^P) with respect to a weight 
vector w ifx"" is a solution o/in(_^ t„)(/7yi(/3))- 

Note that if iw is a weight vector for Ha{0) and ^ is a strongly convex open 



cone as in Definition 2.4 then for any w' G ^, the exponents of Ha{P) with 
respect to w and w' coincide, because in(_^_^)(if^(/3)) = in(_^^,/^^/)(ifyi(/3)). 
Moreover, the basic Nilsson solutions of Ha{(3) in the direction of w and w' are 
the same, and therefore JKi,{HA{(i)) = ^w'iHA{l3)). 

Let w be a weight vector for Ha{(3). Since Ha{P) is a holonomic ideal for all 
/3 (see Theorem 3.9 in [[T]|), the ideal in(_^,„)(i7^(/3)) is holonomic as well, and 
its holonomic rank is at most rank(i7^ (/?)), by Theorem 2. 1 in [|24ll . This implies 
that the set of exponents of Ha{(3) with respect to w is finite, since the monomial 
functions corresponding to different exponents are linearly independent. 

Lemma 2.10. If (p is a basic Nilsson solution of Ha{P) in the direction ofw as 
in ( |2.1[ ), then v is an exponent of Ha{P) with respect to w. 

Proof. Since w is a weight vector, w ■ u > Q for all nonzero u E ^* . As 
Po 7^ 0, we have in^(0) = x'"pQ{\og{x)), and therefore x"" pQ{\og{x)) is a so- 
lution of in(_^ ,i,)(iy^(/3)) by Theorem 2.5.5 in [|24l . But then x'" is a solution of 
in(_^,^)(i7^ (/?')) by Theorems 2.3.3(2) and 2.3.11 in [241. □ 

We compare the dimension of the space of formal Nilsson solutions of Ha{(3) 
in the direction of w with the holonomic rank of the associated initial ideal. 

Proposition 2.11. Let w be a weight vector for Ha{P)- Then 

dime (^(i/A (/?))) < rank(in(_^,^)(i7A(/3))). (2.2) 

Proof. Choose ipi, . . . ,^k linearly independent elements of ,yV^{HA{(3)). The 



second part of Lemma 2.8 allows us to assume that in^(^i), . . . , in^(?/^fc) are 
linearly independent solutions of the initial system in(_^„,)(i7A(/3))- These ini- 
tial series have a non empty common open domain of convergence since they 
have a finite number of terms. Therefore diiac(.yKu(HA{l3))) cannot exceed the 
holonomic rank of in(_^^^)(ifA(/3))- D 
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We show in Corollary 4. 12 that this inequality is, in fact, an equality for generic 
(3. If Ia is a homogeneous ideal, then Theorems 2.4.9, 2.5.1, and 2.5.16 in [|24l| 
imply that dime ^w{Ha{I3)), rank(in(_^^^)(ifA(/5))), and rank(ifA(/3)) are the 
same. However, if I a is not homogeneous, rank(in(_^^)(f/'^ (/?))) does not al- 
ways equal rank(iJ^(/3)) (see Corollary 4.13[ ). 



3. HOMOGENIZATION OF FORMAL NiLSSON SOLUTIONS OF Ha{(3) 

The goal of this section is to obtain the solutions of the system Ha{(3) by 
solving a related hypergeometric system that is regular holonomic. For generic 
parameters, this idea was used in other works, such as [|22|| : here, we require no 
genericity hypotheses on (3. The key concept is that of homogenization. 

Notation 3.1. Throughout this article, the letter p is used to indicate the homog- 
enization of various objects: polynomials, ideals, and later on, Nilsson series. 

If f E C[di, ... ,dn] is a polynomial, we denote by p{f) G C[dQ,di, . . . ,dn] its 
homogenization, that is, 

-\u\qu 



f=j2 Cud- =^ pif) 



ueN" 






\U\ 



Ml H \-Un. 



If I C C[di, . . . ,dn] is an ideal, then p{I) C C[do,di, . . . ,dn] denotes the ideal 
generated by the homogenizations p{f) for all f E I. 

If A = [aij] is a d X n integer matrix, then p{A) E 'Z^d.+i)x{n+i) ^^ obtained by 
attaching a column of zeros to the left of A, and then attaching a row of ones to 
the resulting matrix, namely 

1 1 ... 1 
an ... ain 



piA) 



fldi 



ddr, 



Note that p{Ia] 



'p(A)- 



Let w be a weight vector for Ha{P) and let "^ be a cone as in Definition 2.4 In 
particular w E ]R"o- ^^^ fixed /3o E C, consider the (regular holonomic) hyper- 



geometric system associated to the matrix p{A) from Notation 3.1 and the vector 

(/3o, /3) e C"+\ which is denoted by i/p(A)(/3o, /3). 

Remark 3.2. Since (1, . . . , 1) belongs to the rational rowspan of p{A), weight 
vectors for Hp(^A)i(3o, (3) are not required to have positive coordinates (see Re- 
mark 2.5). We wish to use (0,w) as a weight vector for iJp(^)(/3o,/3), but this 



vector may not satisfy the definition. This can be remedied by perturbing w as fol- 
lows. The set of weight vectors for Hp(^A) (/^o? /3) is an open dense subset of ]R"+^ 
Therefore, given w (and ^) as before, there exists a = (ao, . . . , «„) E ]R"+^ and 
£0 > such that (0, w) +ea is a weight vector for Hp(A) (/3o, /5) for all < £ < ^o- 



But then the argument in Remark 2.5 shows that (0, w) + ea — eao{l, • . . , 1) 
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is also a weight vector for Hp(A)il3o, P). If e is sufficiently small, then w' = 
w + e((ai, . . . , an) — ao(l, ■ ■ ■ A)) belongs to an open cone ^ as in Defini- 
tion 2.4 This means that we can use w' instead of w as weight vector for Ha{(!^), 
with the same open cone, initial ideals, and basic Nilsson solutions as w, and 
guarantee that (0, w') is a weight vector for Hp(^A)i/3o, /?)• The previous argument 
justifies assuming, as we do from now on, that any time we choose a weight 
vector w for Ha{I3), the vector (0, w) is a weight vector for ifp(^)(/3o, /3). 

We choose a weight vector w, and we wish to use the auxiliary regular system 
ifp(^)(/3o, (3) to study the solutions of if^(/3). The matrix p(A) is fixed, but we 
have freedom in the choice of the parameter /3o E C, and it is convenient to 
assume that /3o is generic. The correct notion of genericity for /3o can be found in 



Definition 3.10 Under that hypothesis, our objective is to construct an injective 
linear map 

p : ^UHaW)) -^ ^o,«,)(i^p(A)(/3o,/3)), (3.1) 



whose image is described in Theorem 3.18 Since by definition ^w{,Ha{P)) has 



a basis consisting of basic Nilsson solutions of Ha{I3) in the direction of w, it 
is enough to define our map on those series, and check that their images are 
linearly independent. For some weight vectors, p is guaranteed to be surjective 



(Proposition 7.1 1. However, if the cone over the columns of A is strongly convex 
and I A is not homogeneous, there always exist weights for which surjectivity fails 
(Propo sition |7.4[ ) . 

Let = Xluec-^^^"P«(^°s('^)) ^^ ^ basic Nilsson solution of Ha{(3) in the 



direction of w as in (jXTj). Since is annihilated by the Euler operators Ei — 
l3i,. . . ,Ed — l3d, the polynomials Pu appearing in belong to the symmetric 
algebra of the lattice kerz(A) by Proposition 5.2 in [|23ll . 

If t> is a vector, denote by |f | the sum of its coordinates. Then, for any 
7 e kerz(A), (— 17|,7) G kerz{p{A)). This inclusion ker^ (A) M- keiz{p{A)) in- 
duces an injection (denoted by ^) between the corresponding symmetric algebras 
of the lattices ofkeiz(A) and keTz{p{A)) . In concrete terms, let {71, . . . , 7„_d} C 
Z" be a Z-basis of keTz{A). We can write an element p of the symmetric algebra 
of kerz(y4) as follows: 

n—d 

and then we have 

n—d 

p{to,h,...,tn)= Yl c^llii-\lj\)to + lriti^---^tn)T'- (3-2) 

Note that p(log(xo), . . . ,log(x„)) specializes to p(log(x)) whenxo = l,orequiv- 
alently, when log(xo) = 0. 
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The formal definition of the homogenization of a basic Nilsson solution 

= ^x^+>„(log(a:)) 

of Ha{(^) in the direction of w is: 

P(0) = $^9l"lx(J«-l''lx^+«p;(log(2;o), . . . ,log(x„)). (3.3) 

If |m| > for all u G C, the above formula makes sense, and it easily checked 
that p(0) is a basic Nilsson solution of Hp(A)i(3o, /3) in the direction of {0,w). 
The bulk of the work in this section concerns the definition and properties of the 
operator Oq when k E Z<o. 

We point out that there is one case when the elements of the supports of all 
basic Nilsson solutions of Ha{(3) in the direction of w are guaranteed to have non 
negative coordinate sum, namely when the weight vector w is close to (1, . . . , 1). 
We make this notion precise in the following definition. 

Definition 3.3. Let w be weight vector for Ha{(3). We say that w is a perturba- 
tion o/wq G ]R"q if there exists an open cone ^ as in Definition 2.4 with w E'^, 
such that Wq lies in the closure of^. 

Suppose that (p = x" Xluec ^^Pui}og{x)) is a basic Nilsson solution of Ha{(^) 
in the direction of a weight vector w which is a perturbation of (1, . . . , 1). Since 
u E C implies u E ^* = (^)*, we have m ■ w > for all m G C. But then, as 
w is a perturbation of (1, ... , 1), it follows that |m| = m ■ (1, . . . , 1) > for all 
u E C. Also, C C Z" implies |n| G Z for u E C. Therefore, the operator d^ is 



defined, and so is (3.3) 



As we mentioned before, in order to work with other weight vectors, we must 
define the operator d^ when k is negative. We need to introduce key combinato- 
rial objects from [|27l . the standard pairs of a monomial ideal /, which correspond 
to to the associated primes of / (see [|27|). 

Definition 3.4. Let / C C [9i , . . . , 9„] Z^e a monomial ideal. Consider the variety 

T ;r; ^^ 1 -—r^Zariski 

Y = {ueW E C" I X" ^ /} 

whose irreducible components are integer translates of coordinate spaces. For 
0" C {1, . . . jTi}, denote C°" = {(ti, . . . ,t„) | tj = 0/or i ^ a}. A pair (9°, a), 
where a G N" and a C {1, . . . , n}, is called a standard pair of I if a + C^ is 
an irreducible component of Y and a is the coordinatewise minimal element of 

(a + C^) n N". 

Note that, if ((9", a) is a standard pair of a monomial ideal / C C[d], then Oj = 
for alH ^ a. A standard pair is top-dimensional if the corresponding associated 
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prime is minimal, and it is embedded otherwise. We denote by ^(I) the set of 
top-dimensional standard pairs of /, and define top(/) to be the intersection 

top(/) = fl (9-+^ I ^ ^ a). 

Definition 3.5. A vector v e C" is a fake exponent of Ha{I3) with respect to w 
if the function x'" is a solution of the left D-ideal in^(J^) + {E — (3). 

Note that, as in^(J^) + {E — (3) C in(_^„^^„)(i/^ (/?)), all exponents of Ha{(3) 
with respect to w (Definition |2 .91 ) are also fake exponents. In general, this con- 
tainment is strict, but fake exponents are easier to study combinatorially than 
(true) exponents. This is illustrated by the following result, a consequence of 
Lemma 4.1.3 in [|24ll . which links fake exponents and standard pairs. 

Lemma 3.6. Let w be a weight vector for Ha{P) and let (9", a) be a standard 
pair o/in^(/^). If there exists f G C" such that A ■ v = (3 and Vi = ai for all 
i ^ a, then v is a fake exponent of Ha^P) with respect to w. All fake exponents 
arise this way. 

We also need to consider standard pairs of initial ideals of Jp(A) . Recall that 
the initial ideal in(o,«,)(/p(A)) is a monomial ideal, as (0, w) is a weight vector for 

Hp{A){Po,P)- 

Definition 3.7. A standard pair o/in(o,u,)(/p(yi)) is said to pass through zero if 

Oea. 

Remark 3.8. If a fake exponent v of Ha{(3) exists for a standard pair (5", a) of 
in^(/^), it is unique by Corollary 3.2.9 in [|24ll : this justifies using the notation 



Definition 3.9. We say that a basic Nilsson solution of HA^fi) as in ( |2.1[ ) is as- 



sociated to the standard pair (5", a) ifv is the (fake) exponent corresponding to 
this standard pair 

The following definition gives the correct notion of genericity for /3o G C so 
that we can study the solutions of Ha{(3) using those of Hpi^A)il3o, /3)- 

Definition 3.10. Let w be a weight vector for Ha{I3). We say that /3o G C is a 
homogenizing value for A, (3, and w if (3q ^ Z and for any fake exponent v of 
Ha{I3) with respect to w, the quantity vq defined by 

n 

is not an integer number. 

Given a weight vector w for Ha{(3), we fix a homogenizing value (3q for A, 



(3, and w. Let as in ( |2.1[ ) be a basic Nilsson solution of Ha{(3) in the direction 
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of w. We want to construct a basic Nilsson solution p(0) of Hp(A)il3o, l3) in the 
direction of (0, w). The following lemma tells us how to differentiate logarithmic 
terms. 

Lemma 3.11. (Lemma 5.3 in [231 ) Let h be a polynomial in n variables, z/ G N" 
and s G C". Then 



d^x'hilogix)) = x' 




d''-'' h 



(log(x)) 



where the sum is over nonnegative integer vectors v' that are coordinatewise 
smaller than v, and the X^' are certain complex numbers. D 

The following result allows us to define d^ when A; is a negative integer. 

Lemma 3.12. Let p be a polynomial in n + 1 variables, and s G C". I/sqEC 
and So 7^ —1, there exists a unique polynomial q with deg(g) = deg(p) such that 

do [xl°+^x'q{log{xo), . . . , log(a;„))] = Xo"x'p{log{xo), ..., log(a;n)). (3.4) 

Proof. Writing 

k 

p(log(x)) = ^pi(log(xi), . . . , log(x„)) log(xo)' 

1=0 

and 

k 

g(log(a;)) = ^ qi{\og{xi), ..., log(x„)) log(xo)\ 

j=0 

we can equate coefficients in ( |3.4| ) to obtain 

Pk = (so + l)gfc ; Pi = (so + l)qi + {i + l)qi+i < i < k - 1. 
Therefore 

t^ (so + iy 

where the empty product is defined to be 1. D 



Definition 3.13. With the notation of Lemma 3.12 define 

9o^ [xo°x'p(log(xo), . . . , log(x„))] = Xo°'^^x^g(log(xo), . . . , log(x„)). 

Note that if sq ^ —2, . . . , —k, the construction of d'^^ can be iterated ik — 
1) times. We denote by d^^ \xQ^x^p{\og{xQ), . . . , log(x„))] the outcome of this 
procedure. 



Lemma 3.14. Use the same notation and hypotheses as in Lemma 3.12 and 
assume furthermore that x'^x'^pilog^x)) is a solution of {Eq — (3q,E — (3). Then 
9o"^[xo°x''p(log(a;))] is a solution of{Eo - (/3o + 1), -^ - P)- Ifso 7^ -2, . . . , -k, 
then dQ'^[xQ''x^p{\og{x))] is a solution of the system {Eq — (/3o + k), E — (5). 
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Proof. If « > 0, d^{Ei - /?,) = {Ei - (3,)do, so that 

doiE, - Pi){d,'x^''x%log{x))) = {Ei - A)5o(9o-^x^°a;^p(log(x))) 

= {Ei - A)xg°x^p(log(x)) 
= 0. 

This means that {E^ — (3i){dQ^XQ°x^p{log{x))) is constant with respect to xq. On 
the other hand, sq+I 7^ and {Ei— l3i){dQ^ Xq° x^p{\og{x))) is a multiple of x''"^^ 
Thus, in order to be constant with respect to xq, {E^ — (3,i){dQ^XQ°x^p{log{x))) has 
to vanish. Fori = 0, the argument is similar since 9o(-Eo—(/3o+l)) = {Eo—Po)do- 
The last assertion follows by induction on A;. D 

Lemma 3.15. Let v G N", k E Ij, and assume that sq ^ Z. Then 

d' {dl [xg°x^p(log(xo), . . . , log(x„))] ] = dl {d' {x%^x'v{\og{x^), . . . , log(xO)]] . 

Proof. This is clear if A; > 0. For A; < 0, the result follows by induction from the 
uniqueness part of Lemma [3]T2j D 



We are now ready to define the homogenization of a basic Nilsson solution of 

iiA{^). 

Definition 3.16. Let ^ = x" ^„gc'a;"PM(log(x)) he a basic Nilsson solution of 
Ha{P) in the direction of a weight vector w, and let f3o E C a homogenizing 
value for A, (3 and w, so that vo = f3o — J21^=i "^i ^^ ^'^^ ^" integer We define 

P(0) = E *' K^'^>^«(log(^o), log(xi), . . . , log(x„))] , 



where Pu is obtained from p^ as in (3.2 ). 



Note that if (pi and 02 are basic Nilsson solutions of Ha{P) and A G C is such 
that (j)i + A02 is also basic, then p(0i + A02) = p{4'i) + ^p{4>2), as d^ is linear. 
We now verify that the homogenization of a basic Nilsson solution of Ha{(3) is a 
basic Nilsson solution of i7p(A)(/3o, P)- 

Proposition 3.17. Let w be a weight vector for Ha{P) and let /3o be a fixed 
homogenizing value for A, (3 and w. For any = x'"Yli^^'Pu{}og{x)) basic 
Nilsson solution of Ha{P) in the direction of w, the (formal) series p{(f)) from 



Definition 3.16 is a basic Nilsson solution of Hp(^A){Po, 1^) in the direction of 



(0, w). We extend p linearly to obtain a map 

p : ^UHa{P)) ^ Ao,n.){Hp^A){(3o,P)). 

Proof. Recall our assumption that, if w is a weight vector for Ha{(3), (0, w) is a 
weight vector for Hpf^A) (/^o, /3)- 



We first show that the series p(0) has the shape required in Definition 2.6 



Conditions [2] a nd [3| are clearly satisfied by the construction of the polynomials 



Pu and Lemma 3.11 Thus, it is enough to verify that p(0) satisfies condition m 
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from Remark 2.7 The support of is in bijection with the support of p(0) via 
u !-)• {—\u\,u), which sends kerz(A) into kerz(p(A)). We can assume that C 
is the intersection of kerz(A) with the dual ^* of an open cone ^ such that its 
closure ^ is a strongly convex rational polyhedral cone of maximal dimension. 
Let {71, ... , 7m} be a Hilbert basis of ^* fl kerz(A) = (^)* n kerz(v4). Then 
w' ■ 7j > for all w' E ^ and alH = 1, . . . , m. Let 5 > such that, for all e E 
]R"g^ whose Euclidean distance to the origin is 1 1£| | < 5, and alH = 1, . . . , m, 
we have [(0,U7) + e] ■ (— |7i|,7i) > 0. It follows that for any non zero u E C 
and any w in the ball centered at (0, w) with radius 5, we have w ■ {—\u\,u) > 0, 
which proves our claim. 

Now we prove that p(0) is a formal solution of i^p(A) (/3o, /?) • Since pu belongs 
to the symmetric algebra o{keTz{p{A)), and 

p{A)-{vo,v + u) = {Po-\v\ + \v\ + \u\,A-{v + u)) = (/3o + |m|,/3), 

the term XQ°x^~^^'Pu(\.og{xo), log(a;i), . . . , log(x„)) is a solution of the system of 
Euler operators {Eq — (/3o + \u\), Ei — (3i, . . . , E^ — (3d). By Lemma 3.14 with 
(sq, s) = (fo, V + u) and k = —\u\, each term of p(0) is therefore a solution of 

{E - {Po + \u\ -\u\),E,-f3,,...,Ed- (3d). 



To verify that the elements of /^(a) annihilate p(0), first note that Lemma 3.11 
implies that, for any p E k.eii{A), 



d^-x 



V + U — fJ, 



Pu-^,(^og{x)), 



<9'^+x^+X(log(x)) 

because is a solution of Ha{(3). 
We claim that 

d^+xl'x''+^Pu{log{x)) = 9'^-a;S"a;'^+"-^jC;(log(x)). 

To see this, use Lemma [3.1 1| and the fact that, if z > and p is an element of 
the symmetric algebra of keix{A), then diP is also in the symmetric algebra of 

keTz{A), and dip = dtp. 

Now, using Lemma [3l3| with (sq, s) = {vq,v + u) and k 
that Vq 



\u\, and the fact 



(3q — \v\ ^ Ij, we obtain from 
9l;la'^+x^°x^+"p;(log(x)) = 9Jfl9i"l-l^l9'^-a;S»a;^+^->';rM(log(a;)), 



that 



5/^4 



Sjf'S'^- 



9i"ix^°x''+>';(iog(x)) 

Assuming |p| > 0, we conclude 

a(-i'^i''^)+[9t"'x;;''x"+"p;(iog(x))] 



a 



l"|-|A'L^O™t'+w-M 



J/Q -Xj 



%r^,{\og{x)) 



at"l-l''lx[i°a;^+"-^j5:r^(log(a;)) 



D 
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The next result shows that p is one to one. Therefore, the inverse map p^^ 
allows us to obtain Nilsson solutions of HAi(3) from Nilsson solutions of the 
regular holonomic system Hp(^A)iPo, /?)• 

Theorem 3.18. Let w be a weight vector for Ha_{(3) and (3q a homogenizing value 
for A, (3 and w. The linear map 

p : ^UHaW)) ^ ^o,«,)(i^p(A)(/3o,/3)) 

is injective and its image is spanned by basic Nilsson solutions o/ifp(^)(/3o, /3) 
in the direction of {0,w) associated to standard pairs o/in(o,w)(/p{A)) that pass 
through zero. 

Proof. If = J2uec ^^^^P^i^'^si^)) ^^ ^ basic Nilsson solution of Ha{I3) in 
the direction of w, then we have in(o,u,)(p(0)) = XQ^x'"po{\og{xo), . . . , log(x„)). 
Choose a basis of ^w{Ha{(3)) consisting of basic Nilsson series whose initial 



terms are linearly independent (use the second part of Lemma 2.8). Then the 



initial series of their images are also linearly independent, as p(l,log(x)) 



p(log(x)). Now apply the first part of Lemma 2.8 to complete the proof that 
p is injective. 

Observe that, by construction, p(./(4(iJ^ (/?))) is contained in the span of the 
basic Nilsson solutions of ifp(^)(/3o, /3) corresponding to standard pairs that pass 
through zero, because the powers of Xq appearing in p(0) are non integer for any 
basic Nilsson solution </) of Ha{I3). 

To show the other inclusion, let V^ be a basic Nilsson solution of iJp(^)(/3o, /?) 
in the direction of (0, w) corresponding to a standard pair that passes through 
zero, with starting exponent (/3o — |^|, ^)- We wish to prove that ip can be deho- 
mogenized. We can write 

^ = x^-l^'x'' Yl x-l"lx"/i„(log(x)), 

(-|«|,«)Gkerz(p(A)) 

where /3o — |t'| is not an integer because (3q is a homogenizing value for A, (3 and 
w. Then we can perform 

l"l ( r„Po-\'u\-W\ v+u 1 (^^„(^\\\ _ r^Po-H v+u 



a;-' (^a;«-'^'-"^'a;^+"/i.(log(x)) j = x^-'^^'x^+T^logla;)) 

and use this to define = XI x^^'^Pui}og{x)) (with the same relationship between 
p and p as in p.2| )). We claim that is a basic Nilsson solution of Ha{I3) and ^ 



p(0). The proof of this claim is a reversal of the arguments in Proposition 3.17 



D 

Definition 3.19. If ip & ^^o,w){Hp{A){Po, P)) and e ^u}{Ha{(3)) are such 
that p{(j)) = ip, we call a dehomogenized Nilsson series, or say that is the 
dehomogenization ofip. 
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4. Hypergeometric Nilsson series for generic parameters 



When the parameter vector (3 is sufficiently generic (see Convention 4.2), the 
Nilsson solutions of Ha{I3) are completely determined by the combinatorics of 
the initial ideals of I a- The goal of this section is to study this case in detail. 

In order to precisely describe the genericity condition used in this section, we 
need to understand the initial ideal in(_^^)(if^(/3)) for generic parameter vec- 
tors. 

Lemma 4.1. For j3 generic, 

in(_^,^)(i7A(/3)) = in^(/A) + {E - (3). 

Therefore, all the fake exponents of Ha^P) with respect to w are true expo- 
nents. Moreover, under suitable genericity conditions for /3, a better description 
ofv[ii^^w,w){,HA{P)) is available, namely 

in(_^,^)(i7A(/3)) = top(in^(/A)) + {E - (3). 

Proof. This is a version of Theorems 3.1.3 and 3.2.11 in 1*245 for non homoge- 
neous toric ideals. The same proofs hold, since I a is always A-graded. D 

Convention 4.2. In this section, we assume that (3 is generic enough that the sec- 



ond displayed formula in Lemma 4.1 is satisfied, so that all exponents of Ha{I3) 
with respect to w come from top-dimensional standard pairs o/in^(/A). 

We also require that the only integer coordinates of these exponents are the 
ones imposed by the corresponding standard pairs. In particular, the exponents 
of Ha{I3) with respect to w have no negative integer coordinates. 

Finally, we ask that no two exponents differ by an integer vector. Note that 
these integrality conditions force us to avoid an infinite (but locally finite) collec- 
tion ofaffine spaces. 

The following result holds without homogeneity assumptions on the matrix A. 

Proposition 4.3. For any t> G (C \ Z<o)" such that A- v = (3, the formal series 

y -i4^x"+'' (4.1) 



\u + f lu , 

«ekerz(A) ^ J"+ 



where 



M- = n n^^^ - ^' + 1); N + ^u = n n^^* + ^■) ^4.2) 

Ui<0 j=l Ui>0 j=l 

is well defined and is annihilated by the hypergeometric D -ideal Ha{/3). 

Ifv is a fake exponent of Ha{I3) corresponding to a standard pair (9", a) of 
in^(/^), then (p^ is a basic Nilsson solution ofHA{(3). If moreover [3 is a generic 
parameter vector, the support of (p^ is the set 

supp(0t,) = {m G keiii^A) I Mj + f j > Vi ^ a}. 
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Thus, 



E 



"'•- i«+". (4.3) 



{u&kerz{A)\ui+Vi>0 Wi^cr} 



[U + V]u+ 



Proof. This statement is essentially a combination of Proposition 3.4.1, Theo- 
rem 3.4.2 and Lemma 3.4.6 in [|24|. which do not need homogeneity for Ia- It 
only remains to be checked that (p^ is a basic Nilsson solution of Ha{I3) in the 
direction of w. To see this, note that u E supp(0u) implies m ■ w > as is shown 
in the proof of Theorem 3.4.2 in [|24|. Since f is a fake exponent of Ha{(^) with 
respect to any w' in an open neighborhood of w, we have in fact that u ■ w > Q 
for any nonzero u in the support of 0^,. This argument shows that 0„ satisfies 



the first requirement from Definition 2.6 The remaining conditions are readily 



verified. D 

4.1. A summary of known results for homogeneous I a and generic /3. In 

this brief subsection we recall combinatorial features and convergence results 
for A-hypergeometric functions under the assumption that the toric ideal I a is 
homogeneous, which implies that Ha{(3) is regular holonomic. This material 
comes from [24*1. 

For the purposes of this subsection only, we assume that the vector (1, . . . , 1) 
is contained in the rational rowspan of A, or equivalently, that the toric ideal I a 
is homogeneous with respect to the usual Z-grading in C[d] . We keep our weight 



vector w, and we assume the genericity on (3 required in Convention 4.2 Later 
we apply what follows to p{A), {j3o, j3), and (0, w). 

Ifv = /3(^"''^) G C"is the exponent of if yi(/3) associated to a (top dimensional) 
standard pair (9°, a) of in^„(JA), the series 0„ = 4)p{d",,y) converges in an open set 
'^^,e of the form (|67T]) for some e E ]R"o'^ by Theorem 2.5. 16 in [|24l. 

Let conv(y4) be the convex hull of the columns ai, . . . , a„ of A. Since the 
rational rowspan of A contains (1, . . . , 1), there is a hyperplane H off the ori- 
gin such that conv(y4) C H, and as A has full rank, conv(A) has dimension 
d—1. The normalized volume vol{A) is the Euclidean volume (in H) of conv(y4) 
normalized so that the unit simplex in the lattice ZA fl H has volume one. As 
we have assumed that ZA = Z'^, the normalization is achieved by multiplying 
the Euclidean volume of conv(yl) by (d — 1)!. We think of A, not just as a 
matrix, but as the point configuration {oi, . . . , a„} C Z'^. A vector w E ]R"o 
induces a subdivision A^ of the configuration A, by projecting the lower hull 
of conv({(wj, Oj) I i = 1, . . . , n}) onto conv(A) (see Chapter 8 of [|26l for de- 
tails). If w is generic, A^ is a triangulation of A. Such triangulations are usually 
called regular, but we use the alternative term coherent. By Theorem 8.3 in [|26l , 
the radical ideal y'in^(/^) is the Stanley-Reisner ideal of the triangulation A^, 
whose facet set is {a \ (9°,cr) E e^(in^(/^)) for some a}. We always write 
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triangulations of A as simplicial complexes on {1, ... , n}, but think of them ge- 
ometrically: a simplex a in such a triangulation corresponds to the geometric 
simplex conv({aj | i E a}). 
The set 

{<^/3,a^,.) I (9^a) G ^(in^(/^))} (4.4) 

consists of rank(in(_^^^)(iJA (/?))) = #^(in^(/A)) = deg(/A) = vol(A) lin- 
early independent series solutions of Ha{(^) (linear independence follows from 
Lemma |2.8[ ) which have a common domain of convergence. In addition, the 
fact that I A is homogeneous implies that Ha{(3) is regular holonomic [fT6l . and 
therefore by Theorem 2.5.1 in [24], we have that iank(m(^_ui,w){HA{(3))) = 



rank{HA{l3)). Thus (|4.4[) is, in fact, a basis for the (multivalued) holomorphic 



solutions of Ha{P) in an open set of the form ^w,e defined in ( |6.1[ ) below. 



4.2. The general case. We now drop the homogeneity assumption on Ia, but 
keep the genericity assumption for /3. In this subsection, we describe the space 
,A^{Ha{(3)) using the homogenization map p defined in Section [3} An explicit 
basis for yi^{HA{/3)) is constructed using the exponents of the ideal Ha{(3). Our 
first step is to relate the exponents of Ha{(3) with respect to w to the exponents 
of Hp(^A){/3o, /9) with respect to (0, w). 

The following is a well known result, whose proof we include for the sake of 
completeness. 

Lemma 4.4. Let I C C[5i, . . . ,dn] be an ideal and let p{I) C C[5o, 9i, . . . , dn] 
be its homogenization. Let w G M>q sufficiently generic so that in^(/) and 
in(o,^)(p(/)) are both monomial ideals. Suppose that 

in(o,^)(p(/)) = p|Qi 

is a primary decomposition of the monomial ideal in(o,tt,)(p(/)). Then 

in^(/)= fl (/(l,ai,...,9„)|/GQ,) 

is a primary decomposition of the monomial ideal in^^,(/). 

Proof. Let / G / such that in^(/) is a monomial. Then in(o,t„) {p{f)) = d^ in^(/) 
for some /i G N, with /i = if / is homogeneous. Therefore in^(/) is obtained 
by setting (9o >— ?■ 1 in the generators of in(o,iu)(p(/)). Now the result follows by 
observing that if Q is primary monomial ideal one of whose generators is divisi- 
ble by 9o, then Q must contain a power of d^ as a minimal generator. D 

Notation 4.5. Given (3o E C and v E C", we set 

n 

P/3o(^) = (/^o -^Vi,v) = (/3o - \v\,v). 

i=l 

In particular, po = p maps kera(y4) to keTz{p{A)). 
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Lemma 4.6. Let Pq, (5 generic and w a weight vector for Ha{(3). Then the map 
V ^-> Pj3q{v) is a bijection between the set of exponents of Ha^P) with respect to 
w and the set of exponents of Hp(^A){f3o, (3) with respect to {0,w) associated to 
standard pairs that pass through zero. 



Proof. By Lemma 4.4[ v is the exponent of Ha{I3) with respect to w correspond- 



ing to a standard pair {d", a), if and only if p/j^ (f ) is the exponent of -ffp(yi) (/^O; P) 
with respect to (0, w) corresponding to the standard pair {d", {0} U a). D 

The following result is immediate. 

Lemma 4.7. Let (3 ^ C^ generic, w a weight vector for HA^fi) and (3^ a homog- 
enizing value for A, (3 and w. Let v be an exponent of Ha{/3) with respect to w 



and consider the map pfrom Proposition 3.17 Then 
where (pv, 0(p^ („)_„) are as in Proposition 



4.3, 



D 



We now come to the main result in this section. 
Theorem 4.8. Let (5 generic and w a weight vector for Ha^P). Then 

{(py I V is an exponent of Ha{P) with respect to w} 
is a basis for ,_A<uj{Ha{(3)). 
Proof. Fix a homogenizing value (3q for A, (3 and w, and let ^ G yKu{HA{(3)). 



Then, by Theorem 3.18. p('(/') G ^o,«>)(-f^p(A)(/9o,/3))- Since /p(^) is homoge- 
neous, H p(^a){(3q, (3) is regular holonomic, and we can use Lemma 4.7 and the 



results from the previous subsection to write 

where the sum is over the exponents of Hp(^A) {/3o, (3) with respect to (0, w) corre- 
sponding to standard pairs that pass through zero, and the c^ are complex num- 



bers. By Lemma 4.6 the sum is over the exponents of Ha{(3) with respect to w. 
But p is injective, so ( |4.5| ) implies ^ = X] Ci,0i.. Thus ,yf^(HA{(3)) is contained 
in the C-span of the series 0^ associated to the exponents of Ha{(3) with respect 
to w. Since the series 0^, are basic Nilsson solutions of Ha{(3) in the direction of 



w (Proposition 4.3 1, the reverse inclusion follows. Linear independence is proved 



using Lemma 2.8 D 



Recall that we have assumed that, if w is a weight vector for Ha{(^), then (0, w) 
is a weight vector for Hp(^A)i(3o, /3). In particular, this implies that the subdivision 
of p(A) induced by (0, w) is in fact a triangulation (see Chapter 8 of [|26l). 



20 Alicia Diclcenstein, Federico Nicolas Martinez and Laura Felicia Matusevich 

Corollary 4.9. Assume (3 ^ C^ is generic and let w be a weight vector for Ha (/3). 
The dimension of the space ofNilsson solutions of Ha{P) in the direction ofw is 

dimc(^^(//^(/3))) = Y. ^°1(^)- 

such that £ (T 



Proof By Theorem |4. 8 the number dimc(c/K«(-f^A(/3))) is the number of expo- 



nents of Ha{P) with respect to w, which is the number of top-dimensional stan- 



dard pairs of in^(J^), because j3 is generic. Using the bijection from Lemma 4.6 
we conclude that dimc(o4C(-ffyi(/3))) is the number of top-dimensional standard 
pairs of in(o.^)(/p(A)) that pass through zero. Given a C {0, 1, . . . , n} of car- 
dinality d + 1 such that G a, the number of top-dimensional standard pairs 
of in(o.«,)(/p(A)) of the form (9°, a) is the multiplicity of {di \ i ^ a) as an as- 
sociated prime of in(o,i„) (/p(A)) by Lemma 3.3 in [TT]. This number equals the 
normalized volume of the simplex {0} U cr by Theorem 8.8 in [26|, and the result 
follows. n 

Proposition 4.10. Suppose that (3 is generic, and let w be a weight vector for 
Ha{I3). Then 

rank(m(_^_^)(ifA(/3)) = deg(in^(JA)). 



Proof. By Lemma 4.1 in(_^„^^)(ifA(/3)) = top(in^(/A)) + {E — (3). Since 
ioY>{va.u,{I a)) is a monomial ideal, the D-ideals in(_^^^)(ifA(/3)) and (x"(9" | 
9" G top(in^(/A))) + {E — (3) have the same holomorphic solutions. 

We denote Xidi = 9i, and observe that C[6'i, . . . , 6'„] is a commutative polyno- 
mial subring of D. Also recall that the Euler operators Ei — (3i belong to C[9]. 
Since x^d'"- = HiLi IYj=o (^« ~ i)' Proposition 2.3.6 in [|24ll can be applied to 
conclude that the holonomic rank rank(in(_^ ,„)(ifA(/3))) equals 

dime ( , ^ ) . (4.6) 

Considered as a system of polynomial equations in n variables (^i, . . . , 9n), the 
zero set of the ideal (HILi 11^1=0 (^« ~ J) I ^" ^ top(in^(JA))) is a subvariety of 
C" consisting of deg(in^(JA)) irreducible components, each of which is a trans- 
late of a d-dimensional coordinate subspace of C". By Corollary 3.2.9 in [|24|. 
each of these components meets the zero set of {E — j3) in exactly one point. 
Therefore, ( |4.6[ ) equals deg(in^(JA)), and the proof is complete. D 



Corollary 4.11. Let (3 generic and w a weight vector for Ha{(3). Then 

rank(in(_^,^)(/fA(/3))) = ^ vol(a), (4.7) 

a-/<3cefo/A(o,„) 
such that G (T 
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Proof. We need to show that the sum on the right hand side of \A.l) equals 
deg(in^(Jyi)). By Lemma 3.3 in [|27ll . this degree equals the number of top- 
dimensional standard pairs of in^(JA), which equals the number of top-dimen- 



sional standard pairs of in(o,i„)(/p(A)) passing through zero by Lemma 4.6 As 
in the proof of Corollary |4.9[ the number of such standard pairs is the desired 
sum. n 

Corollary 4.12. Suppose that (3 is generic and w is a weight vector for Ha{(3). 
Then 

dimci^UH A{f3))) = rank(in(_^,^)(/7^(/3))). 



Proof. Immediate from Corollary [431 and Corollary 4.1 1[ D 



The following corollary states that, for certain weight vectors, the dimension 
of the space yKo{HA{l3)) equals rank{HA{l3)). However, this fails in general, as 



Example 4.14 shows. This means that, as expected, formal Nilsson series are not 
enough to understand the solutions of irregular hypergeometric systems. 

When working with matrices A whose columns are not assumed to lie in a 
hyperplane off the origin, vol (A) denotes the normalized volume of the convex 
hull of {0, ai, . . . , a„} with respect to the lattice ZA = Z"'. 

Corollary 4.13. Suppose that (3 is generic, and w is a weight vector for Ha^P). 
The equality 

dimc(^(/fA(/3))) = vol(A) = rank(/f^(/3)) 

holds if and only if belongs to every maximal simplex in the triangulation A(o «,) 

ofp{A). 

Proof. Note that vol(y4) = vol(p(y4)), which is the sum of the volumes of all 
the maximal simplices in A(o,^). Therefore dimc(o/Ko(-f^A(/3))) = vol(yl) if and 
only if all maximal simplices in A(o,^) pass through zero. Now use a result of 
Adolphson [[H that, for generic /3, rank(ifA(/3)) = vol(A). D 



Example 4.14. Let 



A 



1 1 
1 1 



so that Ia = {ds — 9i92) . 



Then vo\{p{A)) = vol(y4) = 2 is the generic rank of Ha{I3) and of Hp(^A)il3o, l3). 
If w is a perturbation of (1, 1, 1), we have in^(/A) = {8182) and the corre- 
sponding triangulation is A(o,^) = {{0, 1, 3}, {0, 2, 3}}. In this case 

dimc(^^(ifA(/3))) = vol({0, 1, 3}) + vol({0, 2, 3}) = 2 = rank(i7A(/3)). 

On the other hand, if w is a perturbation of (1, 1,3), then we have in^(/A) = (^s) 
and the corresponding triangulation is A(o,t„) = {{0, 1, 2}, {1, 2, 3}}. In this case 

dimc(^(f^A(/3))) = vol({0, 1, 2}) = 1< rank(i7A(/3)). (4.8) 
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5. Logarithm-free Nilsson series 

If we assume that (3 is generic, then all of the Nilsson solutions of Ha{(3) are 
automatically logarithm-free. We now turn our attention to the logarithm-free 
Nilsson solutions of Ha{(3) without any assumptions on the parameter (3. 

Definition 5.1. For a vector v E C", its negative support is the set of indices 

nsupp(t;) = [i e {I,. .. ,n} \vi e Z<o}. 

A vector f G C" has minimal negative support if 'n.snpp{v) does not properly 
contain nsupp(f + u) for any nonzero u G 'keii{A). We denote 

Ny = {u E keTz{A) I nsupp(M + v) = nsupp(f )}. (5.1) 

When /3 is arbitrary, the fake exponents of Ha{(3) with respect to a weight 
vector w can have negative integer coordinates. For such a v, we wish to construct 
an associated basic Nilsson solution of Ha{(3), in the same way as we did in 



Proposition 4.3 



Proposition 5.2. Let w be a weight vector for Ha^P) and let v E C"' be a fake 
exponent of Ha^P) with respect to w. The series 

0. = E J^x-^^ , (5.2) 



where [f]„_ and [u + v]u^ are as in {4.1), is well defined. This series is a formal 



solution ofHA{l3) if and only ifv has minimal negative support, and in that case, 
(j)^ is a basic Nilsson solution of Ha{P) in the direction ofw. Consequently, v is 
an exponent of Ha^P) with respect to w. 

Proof. The series is well defined because, as the summation is over A^^,, there 
cannot be any zeros in the denominators of the summands. The second assertion 
holds with the same proof as Proposition 3.4.13 of [24J. To see that 0„ is a basic 
Nilsson solution of Ha{I3), we can argue in the same way as in the proof of 



Proposition 4.3 D 



Lemma 3.4.12 of [|24| shows that if the negative support of i; is empty, then the 



series (5.2) and (4.3) coincide. 



We now consider Nilsson series in the direction of a weight vector. 



Definition 5.3. Formal solutions of Ha{P) of the form (2J_) that satisfy the first 



two conditions in Definition 2.6 are called (formal) series solutions of Ha{/3) in 
the direction ofw. 

The C-vector space of logarithm-free formal A-hypergeometric series with pa- 
rameter /3 in the direction of w is denoted by S^y^{H a{I3)) . 
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Theorem 5.4. Let w be a weight vector for Ha{P)- The set 

{0„ I V is an exponent of Ha{P) with minimal negative support} (5.3) 

is a basis for S^w{Ha{P))- 

The previous result was stated in Display (7) of [|23l . in the special case when 
I A is homogeneous. Its proof for the case when (3 E 7/ appeared in Proposi- 
tion 4.2 of [8J; we generalize that argument here. 

Proof. Linear independence of the proposed basis elements follows from Lemma 



2.8, so we need only show that these series span S^ui{H A{(i)) ■ 

Let G{x) G S^yj{H a{I3)) , and suppose that x" appears in G with nonzero coef- 
ficient Xj, e C. We claim that u has minimal negative support. By contradiction, 
let u E kerz(v4) such that nsupp(z/ + u) is strictly contained in nsupp(z/). This 
means that there is 1 < i < n such that z/j G Z<o and z/j + Uj G N. In particular, 
Ui > 0. 

Since G is a solution of Ha{(3), the operator 9"+ — d^- G I a annihilates G. 
Note that nsupp(z/ + u) C nsupp(z/) implies that d^^x" ^ 0. Then some term 
from S^+G needs to equal X^d^-x^ , which is a nonzero multiple of x'^^" . But 
any function / such that 9"+/ = x^~'^'' must involve log(a;i). This produces the 
desired contradiction. 

Fix V such that x^ appears with nonzero coefficient Xy in G, and let i\} be the 
subseries of G consisting of terms of the form A^^+^tX^^^" with u G kerz(yl) and 
Xy^u G C, such that nsupp(i/ + m) = nsupp(z/). Our goal is to show that ^/^ is a 
constant multiple of one of the series from ( |5.3| ). This will conclude the proof. 

We claim that ^ is a solution of /7^(/3). That the Euler operators {E — (3) 
annihilate if) follows since they annihilate every term of G. To deal with the toric 
operators, recall that d'^'+G = d^-G for all u G kerz(v4). But terms in d'^+G that 
come from i}) can only be matched by terms in d^'G that also come from ip, so 
QU+ _ Qu- jj^ust annihilate ip, for all u G kerz(A). 

Since G is a solution of /7^(/3) in the direction ofw, so is 'ip. Therefore in^„(^) 
is a logarithm-free solution of in(_^^) (if yi (/?)). Theorems 2.3.9 and 2.3.11 
in [|24ll imply that m^iip) is a linear combination of (finitely many) monomial 
functions arising from exponents of Ha{(3) with respect to w. By construction 
of fp, these exponents differ by elements of keTz{A). Arguing as in the proof 
of Theorem 3.4.14 in [24], we see that in^„(^) can only have one term, that is, 
in^('0) = XvX^, where v is an exponent of Ha{(3) with respect to w and A^, 7^ 0. 
Since X^x^ is a term in G, v has minimal negative support. Thus, v is an exponent 
of Ha{(3) with respect to w that has minimal negative support. 

To finish the proof, we show that 'ip = XyCpv Suppose that u G N^, which 
means that u G kerz(yl) and nsupp(y + u) = nsupp(t'). The equality of neg- 
ative supports implies that d'^~x'" = [v]u_x'"~^~ is nonzero. Since d'^-ip = 
d'^+ip, d^+ip must contain the term A^[f]„_x^~"~, which can only come from 
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9"+A^+„x^+". Thus 

Consequently X^+u = K ij,,S' , that is, the coefficient of x'"^'^ in ip equals A^ 
times the coefficient of 2;^+" in (p^. Therefore ^ = A^0^, as we wanted. D 

The next theorem gives a bijective map between the space of logarithm-free 
series solutions of Ha{(^) in the direction of w and a subspace of the logarithm- 
free solutions of i/p(^)(/3o, /?) in the direction of (0, w). Note that S^yj{HA{(^)) C 
^w{Ha{(!^)) follows immediately from the previous result, as the series (p^ are 
basic Nilsson solutions of Ha{(^) in the direction of w. 

Theorem 5.5. Let w be a weight vector for Ha{P) and let f3o be a homogenizing 
value for A, (3, and w. Then p{S^yj{H a{P))) equals the C-linear span of the 
logarithm-free basic Nilsson solutions of Hp(^A)Wo, f^) in the direction of{0,w) 
which are associated to standard pairs o/in(o,u,)(/p(A)) that pass through zero. 

Proof. Since p is linear, we only need to consider the image of the elements of a 



basis for the space S^w{Ha{/3)), such as the one given in Theorem 5.4 

We claim that if t> is a fake exponent of Ha{(3) with respect to w that has 
minimal negative support, then Pi3q{v) = {(3o — \v\,v) is a fake exponent of 
Hp(A){(3o, /3) with respect to (0, w) corresponding to a standard pair that passes 
though zero, and moreover, p^^ (v) has minimal negative support. The first part is 



proved using Lemma 4.4 To see that Pii^iv) has minimal negative support, first 
recall that (3q — \v\ ^ Z, because /3o is a homogenizing value for A, (3 and w. This 
implies that is not in the negative support of pp^ {v)+p, for any p G ker^ {p{A) ) . 
Now use the bijection u t-^ (— 1^*1, u) between ker2(v4) and keizipiA)) and the 
fact that V has minimal negative support, to conclude that p^^ (t>) has minimal 
negative support. 

To complete the proof, we show that p(0^) = 0p^ (t,). Lemma 4.7 is this 
statement in the case when nsupp(f ) = 0, but now we have to pay attention to 
the supports of these series. 

The same argument we used to check that p^^ (v) has minimal negative support 
yields A^„ = 7c{Np^ (^)), where n is the projection onto the last n coordinates, 
and therefore p{(j)v) and 0^^ (^) have the same support. The verification that the 
corresponding coefficients are the same is straightforward. D 

6. Convergence of hypergeometric Nilsson series 

Until now, we have made no convergence considerations in our study of Nils- 
son solutions of A-hypergeometric systems. The purpose of this section is to 



investigate convergence issues in detail. In particular. Theorem 6.4 states that, if 
w is a perturbation of (1, . . . , 1), the elements of ./((„( /7^(/3)) have a common do- 
main of convergence. Moreover, assuming that the cone spanned by the columns 
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of A is Strongly convex, results from Section [t] imply that dimc(^/Ko(-f^yi(/3))) = 
rank(i7^(/3)). This provides an explicit construction for the space of (multival- 
ued) holomorphic solutions of Ha{/3) in a particular open subset of C". 

When the parameter (3 is generic and w is a perturbation of (1, . . . , 1), the 



convergence of the elements of ^y^{HA{/3)) was shown in [22J. In Subsection 6.2 
we complete this study by considering other weight vectors. 

Notation 6.1. We have already used the notation | ■ | to mean the coordinate 
sum of a vector. When applied to a monomial, such as x", | • | means complex 
absolute value. Let w be a weight vector for HA^fi) and let {71, . . . , 7^-^} C Z" 
be a Tj-basis for kerz(A) such that 7^ ■ w > for i = 1, . . . ,n — d. For any 
£ = (ei, . . . , En-d) € IR>o'^. we define the (non empty) open set 

^,«,e = {xe C" I |x^'| <ei for i = l,...,n-d}. (6.1) 

6.1. General parameters. The following result is the main technical tool in this 
section. 

Theorem 6.2. Let w be a weight vector for Ha{P) and let {71, . . . ,7„-d} be 
a basis for \.eii{A) such that w ■ 'ji > for i = 1, . . . ,n — d. Let = 
'^x^^^Pu(}og{x)) be a basic Nilsson solution of Ha{(3) in the direction of w 
as in ( 2.1| ), such that \u\ > for almost all u G supp(0), meaning that the set 



{u G supp(0) I \u\ < 0} is finite. Then there exists e G ]R"q'^ such that (j) 
converges in the open set ^w,e- 

Proof. We may assume without loss of generality that \u\ > for all u G 
supp(0). Choose (3q a homogenizing value for A, (3 and w, and recall from 
Definition 3.16| that the homogenization of is 



P(0) = E *' [^o°"'''^^+"p;(log(a:o), log(a:i), • • • , log(xO) 

where p^ and Pu are related by p.2| ). By Theorem |3.17[ p(0) is a basic Nilsson 
solution of Hp(^A)il3o, 1^) in the direction of (0, w). Since iJp(A)(/3o; l3) has regular 
singularities, Theorem 2.5.16 in f24] implies that there exists e G M^q"^ such that 
p(0) converges (absolutely) in the open set 

'^{o,w),e = {{xo,x) gC"+^ I Ixf^'^^'x^'l <ei,i = l,...,n-d}. 

We make use of the convergence of p(0) to prove convergence for 0. 

As p(0) converges absolutely in '^(o,«;),e, convergence is preserved when we 
reorder terms. Use the fact that \u\ > for all u G supp(0) to rewrite 

00 

m=0 
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where 

fmixo, ...,Xn)= ^ x''+"p;(log(a;o), log(a;i), . . . , log(a;„)) 

\u\=m 

is a polynomial in log(a;o) whose coefficients are (multivalued) holomorphic 
functions of the n variables xi, . . . , x„. Recall that, by Definition 2.6[ there exists 



a positive integer K such that the degree of fm in log(a;o) is less than or equal to 
K for all m G N. A key observation is that 



oo 
/ _, (^0 fm{Xo,Xi, 



= (j){Xi,...,Xn). (6.2) 



m=0 

Since {1} x ^^^^ C '^(o,w),e, if we show that Zlm=o^o°~'"'~"'/m converges 
absolutely on '^(o,«)),e, the convergence of on ^^ ^ will follow. 
For A G C and m G N, we denote the m-th descending factorial by 

[A]^ = A(A-l)...(A-m + l). 

Set \ = (3o — \v\. Since /3o is a homogenizing value for A, (3 and w, we have 
A ^ Z. We claim that the domain of convergence of X]m=o[-^]™^o ™/m '^o'^" 
tains '^(o,t«),£- But if this is true, the convergence of X]m=o ^o~"^fm on '^(o,«)),e 
follows by comparison, since the absolute value of [A]m grows like (m — 1)! as 
m goes to oo. Thus, all we need to show in order to finish our proof is that 
Ylm=o[^]mXo~'^ fm convcrgcs absolutely on ^o,w),e- 

Consider fm as a polynomial in log(xo). By construction, the coefficients of 
fm are constant with respect to xq. Denote by fm the r-th derivative of fm with 
respect to log(xo). Then fm~^=0 since the degree of fm in log(xo) is at most 
K. We compute d'^^x^fm) for m > K, using the fact that fm = Oif r > K. 

d^x'jm) = d^-'doix'jm) = d^-\xl-\afm + f'm)) 

= 9o"^-2(xo^-2(A(A - 1)/^ + (A + (A - 1))/; + f':,)) 



x^,-"'icoiX, m)fm + Ci(A, m)f'^ + ... + c^(A, m)fl^^), 



where 



Cj{\m)= ^ J\{\-ik + l). 



Note that, as m goes to oo, the dominant term in absolute value in Cj(A, m) is 
^~^ ( A - r + 1 ) , which grows like YV=l ^ = ^pi)? 



n^/(-^-'^ + l). which grows like n!^/'^ = Tpif- Butthen, if j > 0, [X-j] 



grows faster than Cj{a, m) as m goes to oo, because [X — j]m grows like 



(m+j-l)! 

In other words, 

lim M^ = o forj>l. (6.3) 

m^oo [A - j\m 
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Since p(0) converges absolutely on the open set ^(Q^w),e, •9op(0) is also absolutely 
convergent on '^(o,«)),£, and 

oo oo 

oo 

= / ^ (Jq [AXq Jm + Xq J^J Xq 

m=0 

oo oo 

m=0 m=0 

The series ^^=o ^cT [2:0" Vm] converges in '^(o,w),e because it is a basic Nilsson 
solution of the regular hypergeometric system ifp(^)(/3o — 1, /?) in the direction 
of (0, w). (We may need to decrease s coordinatewise for the previous assertion 
to hold.) This, and the convergence of 9o(p(0)), imply that Ylm=o ^cT [^o^/m] 
converges absolutely on ^(o,i«),£- Proceeding by induction, we conclude that 

00 
22 9o^^o~^ fm converges absolutely on ^(o,i«),£ for j = 1, . . . , K. (6.4) 

m=0 

Now we induct on i^ — ^ to show that 

00 
y^ Xo""~^[A - i]mfm converges absolutely on '^(o,«,),e for i = 0,1, . . . , K. 

771=0 

(6.5) 
The £ = case of this assertion is exactly what we needed to verify in order to 
finish the proof. 

If K — £ = 0, then fm = fm is a. (maybe zero) constant with respect to xq, 
and therefore ( |6.5[ ) is the j = K case of ( |6.4| ). For the inductive step, we compute 
the m-th derivative inside the series. The sum ^^=0 ^™^o~^/m equals 

00 
^ x^^""([A - ^]„/W + ci(A - e, m)f^+'^ + ■■■ + CK-dX - i, m)f^^) 

m=0 

00 

— /_^ ^0 iX — £\mJm 

m=0 

00 00 

+ E 4"'"'"ci(A - £, m)flt^) + • • • + E 4''""*c^-KA - £. m)/W. 

m,=0 771=0 

We want to show that X]m=o ^^o'^^iA— ^]7«/7n converges absolutely on '^{o,«,),£- 
We know that X]m=o ^cT^o"^/™ converges absolutely on '^(o,«,),£ by ( |6.4[ ), so 
we need to control the other summands. But the inductive hypothesis tells us 
that (|6.5[) is true for £ + 1, . . . , K. By comparison using (|6.3[), and harmlessly 
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multiplying by x^, we conclude that the series Yl,m=o a^o^ "cj(A — i, m)fm 
converges absolutely on '^{o,w),e for 1 < j < K — i. D 

Corollary 6.3. If w is a weight vector for Ha{P) which is a perturbation of 
(1, . . . , 1), then all the basic Nilsson solutions of Ha{P) in the direction of w 
have a common (open) domain of convergence. 

Proof. Let w be a weight vector for Ha{P) which is a perturbation of (1, . . . , 1). 
Recall that, if = x^ Z]«ec^"P"(^°§(^)) ^^ ^ basic Nilsson solution of Ha{I3) 
in the direction of w, then |m| > for m G C. (See the paragraph after Defini- 



tion 3.3 ) Now apply Theorem 6.2 D 



One of the main objectives of this article was to construct a basis of series 
solutions of Ha{(3) that have a common domain of convergence. While such 
constructions are well known in the regular case, when Ia is inhomogeneous, 
important theoretical tools become unavailable. A way of bypassing this dif- 
ficulty is to assume that the parameters are generic and w is a perturbation of 
(1, . . . , 1) as in ll22l . The following result gives the desired construction, without 
any assumptions on (3 (but with the same assumption on w). Its proof can be 
found in Section |7} after Theorem [73 



Theorem 6.4. Assume that the cone over the columns of A is strongly convex, 
and let w be a weight vector for HA^fi) that is a perturbation o/(l, . . . , 1). Then 

dimc{.yV^{HA{m = rank(if^(/3)) 

and there exists e G M"o'^ such that every element of .A^{Ha{I3)) converges in 
the open set ^w,e- 

6.2. Generic parameters. In this subsection, we assume that (3 is generic as in 



Convention 4.2 In this case, by Theorem 4.8 the set 

^w = {01, I f is an exponent of Ha{P) with respect tow} (6.6) 

is a basis for ^w(Ha{(3)), and we can write the series 0„ is as in ( |4.3[ ), by the 
genericity of the parameters. 

We wish to determine which elements of ^^ have an open domain of conver- 
gence. This depends on the choice of the weight vector w. 

Theorem 6.5. Let (3 generic, w a weight vector for Ha{I3), and (py G ^w There 
exists £ G M"o'^ such that (f)y converges in ^w,e if and only if\u\ > Ofor almost 
allu G supp(0t,). 

Proof. If \u\ > for almost all u G supp(0^), then (f)y converges on an open set 



'^w,e by Theorem 6.2 



Now assume that there exist an infinite number of elements u G supp(0„) such 



that \u\ < 0. Using the description of supp(0^,) from (4.3 1, which applies when 
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l3 is generic, we can find u E supp(0^,) such that |z^| < and {mu | m > mo G 
N} C snpp{(f)v) for some mo G N. 

Let ip be the subseries of (py whose terms are indexed by the set {mu \ m > 
mo G N}. The coefficient of a;^"''"^'^ in ip is 

which grows like A.^ = Ylu <o(~^i''^y- / Yiu yoi^i"'^)^- ^^ "^ S°^^ ^^ °°- Since 
\u\ < 0, hmm^>oo Am = oo. Therefore ip cannot absolutely converge unless 
Xi = for some i such that z/j > 0, and consequently 0„ does not have an open 
domain of convergence. D 

Remark 6.6. In this section we study convergence of Nilsson solutions of iJ^(/3) 
in the direction of a weight vector w. We can change the point of view and fix 
a basis {71, . . . , 'jn-d} of kerz(v4); then our results apply to any weight vector w 
such that 'ji ■ w > for i = 1, . . . , n — d. 

Since (3 is generic, all the information necessary to compute the Nilsson so- 
lutions of Ha{/3) associated to a weight vector w can be extracted from the 
top-dimensional standard pairs of in(o,^)(/p(A)); the simplices appearing in these 
standard pairs are the maximal simplices of the coherent triangulation A(o,^) of 
p{A). These triangulations also control the possible regions of convergence of 
basic Nilsson solutions of Ha{I3) in the direction of w, as a change in triangula- 
tion changes 'Ww,e- There is an object that parametrizes all coherent triangulations 
of the configuration p{A). This object is called secondary fan of p{A), and was 
introduced by Gelfand, Kapranov and Zelevinsky (see Chapter 7 of [|T2ll ). 

To construct the secondary fan of p{A), we need a Gale dual for p{A), that is, 
a matrix B G Z*^"^"')^("+^^ whose columns form a basis for kera(p(y4)). Denote 
by 60) • • • ) ^n the rows of B, and let A be a coherent triangulation of p(y4). For 
each maximal simplex a G A, we define a cone 

X= jj^AA Ai>oj. 

Note that the set {6j | i ^ cr} is linearly independent by Lemma 7.1.16 in [[T2|. 
and therefore ^„ is full-dimensional. Define ^/^ = D^^A^a- Then {wo,w) G 
]^n+i jg gjj^,]^ ^Yiat A(u;(, „,) = A if and only if (wq, w) ■ B belongs to the interior 
J(f^ of J(fA- The cones J(fA for all coherent triangulations A of p(A) are the 
maximal cones in a polyhedral fan, called the secondary fan of p{A) (see also 
Theorem 7.1.17 in [ii2J). 

Given (3 generic, fix w a weight vector for Ha{(3). Then the supports of the 
basic Nilsson solutions of Ha (/?) in the direction of w can be described by means 
of the cones associated to maximal simplices of the triangulation A(o.,„) of p{A). 
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Indeed, if (vq, v) is the exponent associated to a standard pair (9", a) of the mono- 
mial ideal in(o,«,)(/p(A)), so that a G A(o,^) and G a, we know that the support 
of the dehomogenized series (py is 

supp(0„) = {m G kera(A) \ Ui + Vi > Vi ^ cr}. 

Note that, as G a, the zeroth row of the Gale dual B is not present in this de- 
scription. Since the columns of B span kevzipiA)), the support of 0^, is naturally 
identified with 

supp(0t,) = {(6i ■ I/, . . . , 6„ ■ I/) I u e Z""'^ and u ■ h > —Vi, i ^ aj . (6.7) 



Theorem 6J] gives a combinatorial condition for a series (p^ associated to a 



cone J(fcr (that is, to a standard pair (9°, cr)) to have an open domain of conver- 
gence. Note that several series may be associated with a single cone, and some 
of them may have open domains of convergence, while others do not, see Exam- 



ple 6.8 



Given w a weight vector for HAil3), let {(-|7i|,7i), • • • , i-\ln-d\,ln-d)} be 
a Z-basis of keiz{p{A)) such that for any i = 1, . . . , n — rf, we have 'ji ■ w > 0. 
The vectors in this basis are the columns of a Gale dual matrix of p{A), whose 
rows we denote by 607 • • • , fen- 
Theorem 6.7. Let f3 be generic, w a weight vector for HA^fi) and choose a Gale 
dual of p{A) as above. Let {vq,v) be an exponent of p{A) corresponding to a 
standard pair (9", a) ofm(^Qw){Ip(A)) that passes through zero. 

• If—bo belongs to the interior ofJ^f^, then the series 0^, has an open domain of 
convergence that contains ^w,efar some £ G M^q'^. 

• If —bo ^ .J(^a, then the series (py does not have an open domain of convergence. 

Proof. For the first statement, suppose that —bo G J(f^, so that —bo = J2i(ta ^^^i 
with \i > 0. Then the polyhedron {u G M""'^ \ i^ ■ h > -Vi, i ^ a, -bo ■ u < 0} 
is bounded and can only contain finitely many points with integer coordinates. 



Using ( |6.7[ ) and the fact that for m = (61 ■ z/, . . . , 6„ ■ z/) G supp(0„) we have: 

n 

"^bi ■ u = -bo ■ u, 



\u\ 

1=1 



we see that \u\ > for all but at most finitely many elements of supp(0„). Now 



apply Theorem 6.5 to conclude that cpy has an open domain of convergence of the 
desired form. 

We now prove the second statement. As {bi \ i ^ a} is a basis of M"^"^, we 
can write —bo = Yliiia ^i^i- Suppose that Aij, < for some io ^ cr, and consider 
the infinite set 

{u G Z"""' I z/ ■ 6i = for i ^ (T U {io} and u ■ big > 0}. 
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For each element v of this set, (z/ ■ 61, . . . , i/ ■ 6„) is an element of supp(0^), and 
the sum of its coordinates is 



^ z/ ■ 6i = z/ ■ ( ^ 6i) = z/ ■ (-60 



V ■ 



[J^AA 



-^ioi^ ■ bio] 



i=l 



i=l 



Thus, supp(0„) has an infinite subset consisting of vectors whose coordinate sum 
is negative, and by Theorem |6.5[ 0„ does not have an open domain of conver- 
gence. D 

Example 6.8. If —60 is in the boundary of J(f^, a series arising from a may or 
may not have an open domain of convergence, depending on the specific standard 
pair it belongs to. For instance, consider: 



A 



1 

1 2 



-1 
4 



Then the convex hull of p(A) is a triangle of normalized volume 4. For the 
weight (0, w) = (0, 1, 1, 3, 3), the corresponding triangulation of p{A) has only 
one maximal simplex, conv{p(A)) itself. In this case. 



IpiA) 



{dl - 8284, dl - 8083) and m^o,w){I, 



{o,w)y^piA)) 



{dods,dtdlds,dl). 



The monomial ideal in(o,u,)(/p{A)) has four top-dimensional standard pairs: 



(1,(0,2,4}), (9i,{0,2,4}), 
A Gale dual of p{A) is 



B 



(9M0,2,4}) and (9?, {0, 2,4}). 



1 

-2 

1 







-1 

2 

-1 



and we have —Bq = (l/2)6i, so that —Bq is in the boundary of ^ for a = 
{0,2,4}, the unique maximal simplex in the triangulation of p{A) induced by 
(0,1,1,3,3). 

For a given generic (3 and < j < 3, let (pj denote the logarithm-free series 
solution of Ha{I3) associated to the standard pair {d{, a). Then 

[z/i,z/2) G Z^, 



supp^ 



u 



(-2z/i, -U2,iyi + 2z/2 
as above, \u\ = —ui > 



1^2 



V 



For u G supp( 

|m| G Z implies that \u\ > for all u G supp(0j), and therefore (pj has an open 



-2z/i > -J, vi + 2z/2 > 



-j/2. Consequently, if j = 0,1, 



domain of convergence by Theorem 6.5 

If j = 2, 3, consider z/ = (1, A;) for A; G N. Then 

-2z/i = -2 > -j and z/i + 2z/2 = 1 + 2A; > for A; G N. 
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This means that u = (— 2z/i, — z/2, ui + 2z/2, —1^2) = (—2, —k, 1 + 2k, —k) G 
supp(0j) for k G N. But then \u\ = —1 for infinitely many elements of supp(0j), 
and therefore (pj does not have an open domain of convergence. 
Geometrically, consider the polyhedron 

Qj = {z/ G M^ I -2z/i > -j, z/i - 2z/2 > 0}, 

which is a translate of a cone. Let L be the line orthogonal to —60 = (—1)0). 
Since L contains one of the faces of Qq, there are no points in this polyhedron 
whose dot product with —60 is strictly negative. If j = 1,2, 3, then the set Qj fl 
{z/ G M^ I —60 • z/ < 0} in unbounded. However, when j = 1, this set contains no 
integer points. When j = 2,3, Qj D {u E M? \ — 60 ■ z^ < 0} contains infinitely 
many integer points. 

This example also illustrates the fact that, in order to determine whether a basic 
Nilsson solution of Ha{I^) in the direction of w has an open domain of conver- 
gence, knowledge of the triangulation of p{A) induced by (0, w) is not sufficient. 
For instance, note that (1, 1, 2, 1) is a perturbation of (1, 1, 1, 1), so all Nilsson 
solutions of HAi(3) in the direction of (1, 1, 2, 1) have an open domain of con- 



vergence by Corollary 6.3 However, (0, 1, 1, 2, 1) and (0, 1, 1, 3, 3) induce the 
same triangulation of p{A), and we already know that there are Nilsson solu- 
tions of Ha{(^) in the direction of (1, 1, 3, 3) which do not have open domains of 
convergence. 



As a consequence of Theorem 6.7 we have combinatorial bounds for the di- 
mension of the space of convergent Nilsson solutions of Ha{(3) in the direction 
of w, that holds for generic parameters (3. 

Corollary 6.9. Let (3 be generic, and w a weight vector for Ha{P). Then 

vol(o") > dimc({0 G ^w{Ha{(3)) convergent }) > / vol(cr) , 






where 

T 

-f o 



a facet 

Of^{0,w) 



G 0" [ T — J (^ facet 



-bo e.yC }' I o/A(o,^) 



G CT 
—bo G J^a 



D 



The second part of Theorem 6.7 can be restated in a more combinatorial fash- 
ion. 

Corollary 6.10. Let (3 be generic, and w a weight vector for Ha (/3). If an element 



of the set SS^from (6^) has an open domain of convergence, then its associated 
maximal simplex in the triangulation A(o,«,) of p{A) also belongs to a coherent 
triangulation of p{A) defined by (0, w'), where w' is a perturbation o/(l, . . . , 1). 



Proof. Using Theorem 6.7 and its notation, we have that, if an element of the set 



from ( |6.6[ ) has an open domain of convergence, then —bo = (0, 1, . . . , 1) -i? G 
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2 3 5 2 3 5 





Ai={{0,l,5},{0,2,5}} 
2 3 



1 

A2 = {{0,1, 4}, {0,4, 5}, {0,2, 5}} 





1 1 

A3 = {{0,1, 4}, {0,4,5}, {0,3,5}, {0,2,3}} A4 = {{0, 1, 5}, {0, 3, 5}, {0, 2,3}} 

Figure 1 . The coherent triangulations of p{A) corresponding to 



perturbations of the vector (0, 1 . . . , 1) for Example 6.1 1 




1 

As = {{0, 1, 4}, {0, 3, 4}, {0, 2, 3}, {3, 4, 5}} 



Figure 2. A coherent triangulation of p{A) from Example 6.1 1 



J^. Therefore, there is a perturbation w' of (1, ... , 1) with J2^^i '^'M ^ =^°- ^^ 
follows that cr is a maximal simplex in the coherent triangulation of p{A) defined 

by(0,w')- n 

Example 6.11. Corollary |6.10 allows us to decide by inspecting the triangula- 
tions of p{A), whether Ha{(3) has Nilsson solutions in the direction of a weight 
vector that do not have an open domain of convergence. Take for instance 



A 



2 12 2 
2 2 12 



and consider the following coherent triangulations of p{A), or, equivalently, the 
coherent triangulations of A U {0}. Note that the triangulations A^, i = 1, . . . , 4 
appearing in Figure[T] are all the triangulations induced by vectors (0, w') with w' 
a perturbation of ( 1 , . . . , 1 ) . Now consider the triangulation A5 drawn in Figure[2J 
The simplex {0, 3, 4} belongs to A5 and passes through zero, but does not appear 
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in any triangulation of p{A) induced by a perturbation of (0, 1, . . . , 1); therefore, 



Corollary 6.10 ensures that the corresponding Nilsson solutions of Ha{/3) (for 



generic /3) do not have open domains of convergence. 

7. The irregularity of Ha{/3) via its Nilsson solutions 

In this section, we give an alternative proof of Corollary 3. 16 in [|25l using our 
study of Nilsson solutions of if^(/3). We assume as in [|25l that the columns of 
A span a strongly convex cone. 



In Theorem 3. 18 we computed the image of p. There is one case in which this 



map is guaranteed to be onto. 

Proposition 7.1. Suppose that w is a perturbation o/(l, . . . , 1). Then the map p 
is surjective. 

Proof. First note that none of the minimal generators of the monomial ideal 
in(o,„,)(/p(A)) have do as a factor. This implies that, if m G N""*"^ and 5" ^ 
m(^o, w) (I p{A)), then d^d^ ^ in(o,«,)(/p(A)) for all A; G N. We conclude that all 



the standard pairs of in(o,«,)(/p(A)) pass through zero. Theorem 3.18 completes 



the proof. D 

We wish to find weight a vector w for Ha{(3) for which p is not surjective. We 
require the following statement. 

Lemma 7.2. Let A G Z'*^" of full rank d whose columns span a strongly convex 
cone. If the row span of A does not contain the vector (1, . . . , 1), there exists 
w G ]R"o s^ch that the coherent triangulation A(o,i„) of p{A) has a maximal 
simplex that does not pass through zero. Given (5 G C^, the vector w can be 
chosen to be a weight vector for Ha{P). 



Proof. We use the description of the secondary fan of p{A) from Section|6J 
Let i? be a Gale dual matrix of p{A) with rows ^o, • • • , ^n- Since (1, . . . , 1) is 

not in the rowspan of A, the zeroth row of B is nonzero. Because B has full rank 

n — d,we can choose a C {1, ... n} of cardinality d+ 1 such that {bi \ i ^ a} is 

linearly independent. 

The assumption that the columns ai, . . . , a„ of A span a strongly convex cone 

means that there exists a vector h eW^ such that h- Ais coordinatewise positive. 

As p{A) ■ B = 0,J2tiih ■ a,)k = 0. 

Choose w G M"q and positive real Aj for i ^ a, such that 

Wi + Xq = h ■ ai for i G cr , and Wi + Xq — Xi = h ■ ai for i ^ a U {0}. 

There is enough freedom in the choice of w that we may assume that (0, w) 
induces a triangulation A(o,iu) of p{A) and not merely a subdivision. This also 
implies that w can be chosen a weight vector for Ha{(!^), if /3 G C* is given. 
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We claim that (0, w) ■ B e .J^° . This implies that a is a maximal simplex in 
'^(o,u>) which does not pass through zero. 
To prove the claim, note that 

n 

^(wi + Ao)6i + ^ (wj + Ao - \i)hi = ^{h ■ ai)hi = 0. 

J^o-U{0} 



iSa 



1=1 



Then 



'^Wibi= ^ (Aj - Ao)6i- Ao^fej = ^ Ajfoi- Ao^&i = ^Ajfej, 

where the last equality follows from —Bq = J2^=i ^i- ^^^ then, A^ > for i ^ a 
implies that (0, w) ■ B E J(f°, which is what we wanted. D 

The hypothesis that the columns of A span a strongly convex cone cannot be 



removed from Lemma 7.2, as the following example shows. 
Example 7.3. Let A = [-ll]. Then 



P{A) 



1 11 
-1 1 



and choose B 



-2 
1 
1 



There are only two coherent triangulations of p{A), namely 

Ai = {{-1, 1}} and A2 = {{-1, 0}, {0, 1}}. 

Their corresponding cones in the secondary fan are ^/^^ = ]R<o and .j^^ = ]R>o. 
For any vector w = {w^i,Wi) G ]R?.0' '^he number ■ 60 + 1^-1 ■ ^-1 + Wi ■ bi = 
W-i+Wi belongs to the cone J^^^ = ]R>o and consequently w always induces a 
triangulation of p(A) all of whose maximal simplices pass through zero. 

Proposition 7.4. Assume that the columns of A span a strongly convex cone. If 
the rational rowspan of A does not contain the vector (1, . . . , 1), there exists a 
weight vector w such that the linear map 

p ■ JK.{HAm ^ ^o,«,)(^p(A)(/3o,/3)) 
is not surjective, where f3o be a homogenizing value for A, fi and w. 



Proof. Use Lemma 7.2 to pick w so that the triangulation A(o,u.) of p{A) has 
a maximal simplex that does not pass through zero. Then in(o,^)(/p(A)) has top- 
dimensional standard pairs that do not pass through zero. Choose a homogenizing 
value /3o for A, j3 and w, and let (wq, v) be a fake exponent of Hp(^A){(^o-, /3) cor- 
responding to such a standard pair (fake exponents associated to top-dimensional 
standard pairs always exist). In particular, vq E N. If (vq, v) has minimal negative 
support, it is an exponent of Hp(^A){(^Oi /?) corresponding to a standard pair that 
does not pass through zero, and the associated logarithm- free solution (l)(vo.v) of 
Hp[A){l^o-, 13) cannot belong to the image of p by Theorem 3.18 If {vq.,v) does 
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not have minimal negative support, the argument of Proposition 3.4.16 in [|24l| 
produces an element {vq,v') G ((fo,^^) + kerz(A)) whose negative support is 
minimal and strictly contained in the negative support of {vq,v), so that v'q is still 
a non negative integer. Thus, the standard pair corresponding to (v'q, vq) cannot 
pass through zero, and 0(^,' y) is not in the image of p. D 

The following result is due to Berkesch (see Theorem 7.3 in (4]). 

Theorem 7.5. If the cone over the columns of A is strongly convex and /3o is 
generic, 

rank(ifA(/3)) = rank(i:fp(A)(/3o, Z?))- 
We now give a proof for Theorem |6.4[ 

Proof of Theorem [37?] Given /3o a homogenizing value for A, (3 and w. Propo- 
sition 



7.1 



states that the spaces .y^^ (if ^ (/?))) and ^o,«>)(-f^p(A)(/3o,/3))) are iso 



morphic. We may further assume that /3o is sufficiently generic that Theorem 7.5 
holds. 

As Ip{A) is homogeneous, Hp(^A){(^Q^ /3) is regular holonomic, and [ 24l Corol- 
lary 2.4.16] implies that dimc(^o,«;)(^p(A)(/3o, /3))) = rank(ifp(A)(/3o, (3)). So, 

dimc(^^(i/A(/3)))) = dimc(^o,«,)(i^p(A)(/3o,/3)))) 

= rank(i7,(^)(/3o,/3)) = rank(iJ^(/3)), 

where the last equality is by Theorem |7. 5 [ 

Since If is a perturbation of (1, . . . , 1), if 0is a basic Nilsson solution of if ^(/3) 
in the direction of w, then |m| > for all m G supp(0). Therefore we can use 
Theorem 6.2 to find e G M^q'^ such that all basic Nilsson solutions of Ha{I3) in 



the direction of w converge on '^w,e- D 

We are finally ready to show that, in the case when the columns of A span a 
strongly convex cone, non homogeneous A-hypergeometric systems are irregu- 
lar for all (3, thus generalizing the argument in Theorem 2.4.11 from [|24|. and 
providing an alternative proof of Corollary 3.16 from [25 J. 

Theorem 7.6. Assume that the columns of A span a strongly convex cone and I a 
is not homogeneous. Then Ha{(3) is not regular holonomic for any (3 G C^. 



Proof. Choose w a weight vector for Ha{(3) as in Proposition 7.4 and (3q a ho- 
mogenizing value for A, (3 and w. Then 

dime (^ (if A (/3))) < dimc(^o,«,)(^p(A)(/3o,/3))) 
= rank(ifp(A)(/3o,/3)) 
= rank(if^(/3)). 



The equality in the second line follows from Corollary l.A.\6 in [|24l because 
the system Hpi^A)il3o, l3) is regular holonomic, as /p(A) is homogeneous. The 
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last equality is by Theorem 7.5 (we may have to make /3o more generic for this 



result to hold, but this does not affect Proposition 7.4| ). Now Corollary 2.4.16 



in [I24l and dimc(^(i?A(/3))) < rank(ifA(/3)) imply that i?A(/3) is not regular 
holonomic. D 
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